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VARIATION OF BERGMAN KERNELS OF PSEUDOCONVEX
DOMAINS
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Abstract. We shall give a variational formula of the full Bergman kernels associated to
a family of smoothly bounded strongly pseudoconvex domains. An equivalent criterion for
the triviality of holomorphic motions of planar domains in terms of the Bergman kernel
is given as an application.
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1. Introduction
This paper is an attempt to generalize Berndtsson’s result on the plurisubharmonicity
property of the Bergman kernel. Let φ be a plurisubharmonic function on a pseudoconvex
domain D in Cmt ×C
n
ζ . Denote by K
t(ζ, η¯) the associated weighted (full) Bergman kernel on
fibre Dt. Berndtsson (see Theorem 1.1 in [1]) proved that logK
t(ζ, ζ¯) is plurisubharmonic
on D (see also [20] and [21] for eary results in this direction). The most important ingre-
dient in his proof is a curvature property (denote by C) on product domain (see [2],[3],[5]
and [6] for applications). Our start point is to translate C to plurisubharmonicity property
of the Bergman projection. Since Bergman projection has extremal property, the approx-
imation technique in [1] (i.e., from product case to general case) still applies. Thus we
get plurisubharmonicity property of the Bergman projection for general D and φ. Then
plurisubharmonicity property of the Bergman kernel can be seen as as a special case (i.e.,
one point evaluation). By virtue of this observation, it is more natural to study variation
of full Bergman kernels Kt(ζ, η¯) (not only Bergman kernels on the diagonal), which is the
Research supported by the Key Program of NSFC No. 11031008.
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theme of this paper. In order to get the second order variation formula for the Bergman
kernel, it is necessary to find a (1, 0)- vector field such that the associated representative of
the Kodaira-Spencer class is primitive with respect to some complete Ka¨hler metric. We
shall show that how to use quasi-Ka¨hler-Einstein metric to construct such vector field.
It is a pleasure to thank Bo Berndtsson for inspiring discussions on curvature properties
of direct image sheaves. I am also grateful to Bo-Yong Chen for introducing me this topic.
2. Basic notions and results
Denote by B the unit ball in Cm. Let {Dt}t∈B be a family of smoothly bounded strongly
pseudoconvex domains in Cn. Assume that
D := {(t, ζ) ∈ Cm+n : ζ ∈ Dt, t ∈ B}
possesses a smooth defining function ρ such that ρt := ρ|Dt ∈ C
∞(Dt) is a strictly plurisub-
harmonic defining function of Dt for every t in D.
Let φ be a smooth real function such that φ is smooth on a neighborhood of D¯∩(B×Cn).
Put
Ht := {f ∈ H
0(Dt,∧
nT ∗Dt) : i
n2
∫
Dt
f ∧ f¯e−φ <∞}.
Denote by Kt(ζ, η¯)dζ ∧ dη the Bergman kernel of Ht, where dζ is short for dζ
1 ∧ · · · ∧ dζn.
Using Hamilton’s theory on families of non-coercive boundary value problems (see [11], [12]
or [10]), one may prove that:
Lemma 2.1. For every fixed η ∈ Dt0 , t0 ∈ B, K
t(ζ, η¯) is smooth (as a function of tj, t¯k, ζα)
on a neighborhood of D¯ ∩ (Ut0 × C
n), where Ut0 is a neighborhood of t0.
Put ·η¯ = Kt(µ, η¯)dµ. The above lemma implies that
·η¯j¯ :=
∂
∂t¯j
Kt(µ, η¯)dµ ∈ Ht,
for every fixed η ∈ Dt. By reproducing property of the Bergman kernels, we have
(2.1) Kj¯(ζ, η¯) = 〈〈·η¯j¯ , ·ζ¯〉〉, Kj(ζ, η¯) = 〈〈·η¯, ·ζ¯j¯〉〉.
There is another way to compute Kj(ζ, η¯) (without using reproducing property), i.e., to
compute
∂
∂tj
∫
Dt
{·η¯, ·η¯},
where {·, ·} := · ∧ ·¯eφ is the canonical sesquilinear pairing. Denote by P the canonical
projection from B× Cn to B. Put
Vj = {Vj ∈ T (ρ) : P∗Vj = ∂/∂t
j},
where T (ρ) is the space of all (1, 0)-vector field V such that V is smooth on neighborhood
of D¯ ∩ (B×Cn) and V (ρ) vanishes on ∂D ∩ (B×Cn). Denote by it the inclusion mapping
Dt →֒ D. Since vector fields in T (ρ) are tangent to the boundary, we can prove that
(2.2)
∂
∂tj
∫
Dt
· =
∫
Dt
LVj · =
∫
Dt
LtVj ·, ∀ Vj ∈ Vj.
where LVj is the usual Lie-derivative and L
t
Vj
:= i∗tLVj . Thus we have
Kj(ζ, η¯) = i
n2
∫
Dt
LVj{·η¯, ·ζ¯}.
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By Cartan’s formula
LVj = dδVj + δVjd, δVj means contraction of a form with Vj,
thus we have
Kj(ζ, η¯) = i
n2
∫
∂Dt
δVj{·η¯, ·ζ¯}+ i
n2
∫
Dt
∂
∂tj
{·η¯, ·ζ¯}.
By (2.1), the second term of the right hand side of the above equality is
2Kj(ζ, η¯)− i
n2
∫
Dt
φj{·η¯, ·ζ¯},
thus we get Hadamard’s first variational formula
(2.3) Kj(ζ, η¯) = i
n2
∫
Dt
φj{·η¯, ·ζ¯} − i
n2
∫
∂Dt
δVj{·η¯, ·ζ¯},
which is due to Komatsu [16] (in case φ ≡ 0).
Notice that
LtVj{·, ·} = {Lj ·, ·}+ {·, Lj¯ ·},
where Lj (resp. Lj¯) are short for e
φLtVj (e
−φ) (resp. Lt
V¯j
). Since Lj¯ · η¯ = ·η¯j¯ , (2.1) implies
that Lj · η¯ ⊥ Ht. Thus we have
0 = 〈〈Lj · η¯, ·ζ¯〉〉k¯ = i
n2
∫
Dt
{Lj · η¯, Lk · ζ¯}+ {Lk¯Lj · η¯, ·ζ¯},
which implies that
(2.4) Kjk¯(ζ, η¯) = 〈〈·η¯k¯, ·ζ¯j¯〉〉+ 〈〈[Lj , Lk¯] · η¯, ·ζ¯〉〉 − i
n2
∫
Dt
{Lj · η¯, Lk · ζ¯}.
Denote by j η¯
n,0 (resp. j η¯
n−1,1) the (n, 0) (resp. (n − 1, 1)) -part of Lj · η¯. By Cartan’s
formula, we have
j η¯
n,0 = i∗t e
φ(∂δVj + δVj∂)(e
−φ · η¯), j η¯
n−1,1 = δ
∂
t
Vj
· η¯.
In deformation theory (see [15]), ∂
t
Vj represent Kodaira-Spencer classes.
Now the third term of the right hand side of (2.4) can be written as a Hermitian form
I3 = −〈〈j η¯
n,0, k ζ¯
n,0
〉〉 − in
2
∫
Dt
{j η¯
n−1,1, k ζ¯
n−1,1
}.
Since j η¯
n,0⊥Ht, j η¯
n,0 is the L2−minimal solution of
∂
t
(·) = ∂
t
(j η¯
n,0).
Notice that
(2.5) − ∂
t
(j η¯
n,0) = ∂tφ(j η¯
n−1,1) + (∂
t
φ)Vj ∧ ·η¯,
where ∂tφ := e
φ∂t(e−φ) and (∂
t
φ)Vj =
∑
(Vjφα¯)dµ¯
α. We shall use L2-estimates to decode
the positivity of I3. In this way, we need that j η¯
n−1,1 is primitive with respect to some
complete Ka¨hler metric on Dt.
Primitivity is natural in the sense that
−in
2
∫
Dt
{·, ·} = 〈〈·, ·〉〉
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for primitive (n − 1, 1)-form. But if the metric is not complete, by Ho¨rmander’s density
lemma (see [13] and [14]), we have to estimate
〈〈∂tφ(j η¯
n−1,1), u〉〉, ∀ u ∈ Dom(∂
t
)∗ ∩ ker ∂
t
∩ C∞(Dt).
In order to use
(2.6) 〈〈∂tφ(j η¯
n−1,1), u〉〉 = 〈〈j η¯
n−1,1, (∂tφ)
∗u〉〉,
we have to assume that u ∈ Dom(∂tφ)
∗, which may not be true for n ≥ 2.
Notice that j η¯
n−1,1 is primitive with respect to Ka¨hler form ωt if
(2.7) ∂
t
(δVjω
t) = 0.
Since ωt is a Ka¨hler metric. (2.7) is equivalent to the primitivity of the Kodaira-Spencer
class. Now it suffices to find Vj ∈ Vj such that δVjω
t is ∂
t
-closed for some complete Ka¨hler
metric ωt. In general, if there exists ψ such that i∂t∂
t
ψ = ωt, then the unique solution
V := V ψj of
δV ω
t = −i∂
t
ψj , P∗V = ∂/∂t
j
of course satisfies (2.7). Now we only need to find ψ such that ωt is complete and V ψj
is tangent to the boundary (i.e., V ψj ∈ Vj).
By definition, {Dt} is a smooth family of pseudoconvex domains with strictly plurisub-
harmonic definition functions ρ|Dt . Thus
ωt := i∂t∂
t
(− log−ρ).
is a complete Ka¨hler metric on Dt. We call ω
t quasi-Ka¨hler-Einstein metric on Dt. In fact,
by Cheng-Yau’s result [7], one may choose defining function ρCY such that i∂
t∂
t
(− log−ρCY )
is a complete-Ka¨hler-Einstein metric on Dt. To our surprise, every quasi-Ka¨hler-Einstein
metric fits our needs:
Key Lemma. Every V − log−ρj is tangent to the boundary (i.e., V
− log−ρ
j ∈ Vj).
Let’s go back to (2.4). Using integration by parts, we shall prove that the second term
of the right hand side of (2.4) contains a boundary term with density
(2.8) bjk¯(ρ) :=
〈V − log−ρj , V
− log−ρ
k 〉i∂∂ρ
|∂ρ|
.
Denote by j η¯ the 
′-harmonic part of j η¯
n−1,1, where ′ denotes the ∂tφ-Laplace. Using our
Key Lemma and L2-estimates on complete Ka¨hler manifolds [8], we can prove that:
Theorem 2.2. If φ ≡ 0 on D then
(2.9) Kjk¯(ζ, η¯) = 〈〈·η¯k¯, ·ζ¯j¯〉〉+
∫
∂Dt
bjk¯(ρ)〈·η¯, ·ζ¯〉dσ + 〈〈j η¯, k ζ¯〉〉,
where dσ is the surface measure on ∂Dt and 〈·η¯, ·ζ¯〉 := K
t(µ, η¯)Kt(µ, ζ¯)e−φ
t(µ).
As a direct corollary, we have:
Corollary 2.3. If φ ≡ 0 and D is pseudoconvex then {Ht} is Nakano semi-positive.
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Before we prove it, it is necessary to give a definition of the notion of Nakano positivity
for a family of Hilbert spaces with infinite rank.
In finite dimensional (compact fibres) case, one may use variation of Bergman kernels to
give an equivalent definition of Nakano positivity for direct image bundle {Ht}. Put
Kjk¯pq¯ = Kjk¯(η¯q, η¯p)− 〈〈·η¯p,k¯, ·η¯q,j¯〉〉,
where ηp, ηq are points in Dt, 1 ≤ p, q ≤ r, r ∈ Z+. We shall prove that (see Lemma 4.5)
Nakano semi-positivity of {Ht} is equivalent to
(2.10)
∑
cjpckqKjk¯pq¯ ≥ 0,
where r = dimCHt. In case dimCHt =∞, we say that {Ht} is Nakano semi-positive if the
corresponding Bergman kernels satisfies (2.10) for all r ∈ Z+.
By a similar argument as in the proof of Theorem 2.2, we can also get a variational
formula for weighted Bergman kernel. But it turns out to be an inequality instead of an
equality. In case the weight function is plurisubharmonic, we shall prove that the corre-
sponding direct image sheaf is Nakano semi-positive which can be seen as a generalization
of Berndtsson’s result (Theorem 1.1 in [2]) to non-product case (see also [27],[24], [23] and
[18] for other results in this direction).
Assume that our weight function φ is smooth up to the boundary of D. Assume further
that φ is strictly plurisubharmonic along the fibres. Thus geodesic curvature of {φt}
(2.11) cjk¯(φ) := φjk¯ −
∑
φjα¯φ
α¯βφk¯β .
is well defined. By Berndtsson’s formula (see Lemma 4.1 in [4]),
δ
V φj
(∂∂φ) =
∑
cjk¯(φ)dt¯
k.
We show prove that:
Theorem 2.4. If D is pseudoconvex and φ is plurisubharmonic on D then {Ht} is Nakano
semi-positive.
Berndtsson has informed the author that it would be also possible to define the notion
of curvature Θjk¯ (as a densely defined closed operator) for {Ht}. Then the proof of the
above theorem implies that Θjk¯ − cjk¯(φ) is Nakano semi-positive if D is pseudoconvex.
Recall that our start point is to translate the curvature property to plurisubharmonicity
property of the Bergman projection. Let f be a smooth function with compact support in
D such that f is a holomorphic function of t. Put
(2.12) Kf (t) =
∫
Dt×Dt
Kt(z, w¯)f(t, z)f(t, w).
Thus Kf (t) is the square norm of the Bergman projection of f¯ e
φt . Let ut be the L2-minimal
solution of ∂
t
(·) = ∂
t
(f¯ eφ
t
). Then Kf (t) = ||f¯ e
φt ||2 − ||ut||2. In compact case, Berndtsson
and Pa˘un showed that plurisubharmonicity of Kf is equivalent to Griffiths positivity of the
direct image bundle (see Proposition 3.4 in [6]). We shall prove that:
Theorem 2.5. The function logKf (t) is plurisubharmonic on B.
Remark. Using approximation technique in [1], we shall prove that the above theorem is
true for general pseudoconvex domain D and plurisubharmonic function φ (i.e., no restric-
tion on regularity of D and ϕ).
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We want to point out that Theorem 1.3 in [28] is not true in general (i.e., the support
of f is necessary to be relatively compact in D). In fact, take φ = 0, if the above theorem
is true for f = 1 then log |Dt| is plurisubharmonic. However, Berndtsson showed that if Dt
is invariant under rotations · 7→ eiθ· then − log |Dt| is plurisubharmonic (see Theorem 1.2
in [6]).
Let’s go back to (2.4) again. In one-dimensional case, (2.6) is always true. What’s
more, every form is primitive. Thus every vector field in Vj can be used to compute the
variation. In compact case (i.e., deformation of compact Riemann surfaces), Berndtsson
(see [4]) showed that even if the curvature of the 0−th direct image of the relative canonical
line bundle vanishes identically, the Kodaira-Spencer class still happened to be non zero
(i.e., the deformation is not trivial). Inspired by Berndtsson’s idea, we shall use curvature
of {Ht} to study triviality of holomorphic motions.
A homeomorphism F : (t, z) 7→ (t, f(t, z)) from B × D0 to D is called a holomorphic
motion (see [22]) of D0 (with graph D) if f(0, ·) is the identity mapping and f(·, z) is
holomorphic for every fixed z ∈ D0. F is said to be a trivial motion of D0 if there exists a bi-
holomorphic mapping G from B×D0 to the graph of F such that G({t}×D0) = F ({t}×D0)
for every t ∈ B (i.e., there exists a fibre-preserving bi-holomorphic mapping from B ×D0
to D).
Consider the classical (i.e., φ ≡ 0) Bergman space Ht of the fibre Dt := F ({t} × D0).
If D0 is a planar domain then the complex structure on each fibre can be represented by
J = fz¯/fz. We shall use variation of the Bergman kernels K
t (or the curvature Θjk¯ of
{Ht}) to decode triviality of F .
Theorem 2.6. Let D0 be a smoothly bounded planar domain. Let F be a holomorphic
motion of D0. If F is smooth up to the boundary then the followings are equivalent:
(i) F is trivial.
(ii) Θjk¯ ≡ 0, (i.e.,
∑
cjpckqKjk¯pq¯ ≡ 0).
(iii) For every (t, η) in D and every j,
(2.13)
∫
Dt
Kt(ζ, η¯)
(
(fz)
2Jj
|fz|2(1− |J |2)
)
(t, ζ) idζ ∧ dζ¯ = 0.
As a direct corollary, we have:
Corollary 2.7. Let F : (t, z) 7→ (t, z + a(t)z¯) be a holomorphic motion of a smoothly
bounded planar domain. Then F is trivial if and only if a ≡ 0 on B.
In [19], Ren-Shan Liu showed that if f = z + t2z¯, then F (D × D) is not biholomor-
phic equivalent to the bidisc, where D denotes the unit disc. Corollary 2.7 is interesting,
since every holomorphic motion of a subset of C can be extended to the whole complex
plane (see [25] and [26]). It is also interesting to study high-dimensional generalizations of
Theorem 2.6.
3. Variation of fibre integrals
Let B be the unit ball in Rm. Let {Dt}t∈B be a family of smoothly bounded domain in
R
n. {Dt}t∈B is said to be a smooth family if
D := {(t, x) ∈ Rm+n : x ∈ Dt, t ∈ B}
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possesses a smooth defining function ρ such that ρ|Dt is a smooth defining function of Dt
for every t in B. Put
(3.1) [D] := D ∩ (B ×Rn), δD := ∂D ∩ (B× Rn).
Let dx := dx1∧ · · · ∧dxn denotes the Euclidean volume form on Rn. Fix a smooth function
f on a neighborhood of [D], the fibre integrals
F (t) :=
∫
Dt
f(t, x)dx
depend smoothly on t ∈ B. We shall introduce a natural way to compute the derivatives
of F (t) (see [24] for related results). For very fixed j ∈ {1, · · ·m}, let
Vj :=
∂
∂tj
−
∑
vαj
∂
∂xα
be a smooth vector field on a neighborhood of [D]. We shall prove that:
Theorem 3.1. Let {Dt}t∈B be a smooth family of smoothly bounded domain in R
m. Assume
that Vj(ρ) vanishes on δD, then we have
(3.2)
∂F
∂tj
(t) =
∫
Dt
LtVj (f(t, x)dx) ,
for every t in B.
Proof. Without lose of generality, we may assume that t = 0 and j = 1. Since V1(ρ)
vanishes on δD, the motion
Φ : (−1, 1) ×D0 → R
m
of D0 associated to V1 is compatible with {Dt}, i.e.
Φ(a×D0) = Daν , ν = (1, 0, · · · , 0) ∈ R
p,
for every a ∈ (−1, 1). Since for every fixed a ∈ (−1, 1),
Φa : x 7→ Φ(a, x)
is a C∞ isomorphism from D0 to Daν , we have
(3.3)
∂F
∂t1
(0) = lim
06=a→0
∫
D0
f(aν,Φa(x))dΦa(x)− f(0, x)dx
a
Since V1 and f are smooth up to the boundary, we have
(3.4)
∂F
∂t1
(0) =
∫
D0
lim
06=a→0
f(aν,Φa(x))dΦa(x)− f(0, x)dx
a
.
By definition of Lie derivative,
(3.5) LV1 (f(t, x)dx) (0, x) = lim
06=a→0
[(Ψa)∗(fdx)](0, x) − f(0, x)dx
a
,
where
Ψa : (bν,Φb(x)) 7→ (bν + aν,Φb+a(x)), (b, x) ∈ (−1 + |a|, 1 − |a|)×D0.
Since
i∗0 {[(Ψ
a)∗(fdx)](0, x) − f(aν,Φa(x))dΦa(x)} = 0,
(3.2) follows from (3.4) and (3.5). 
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If m = 2, put
∂
∂t
:=
1
2
(
∂
∂t1
− i
∂
∂t2
)
,
∂
∂t¯
:=
1
2
(
∂
∂t1
+ i
∂
∂t2
)
.
Let
V =
∂
∂t
−
∑
vα
∂
∂xα
be a smooth vector field on a neighborhood of [D]. If V (ρ) vanishes on δD, then both 2ReV
and −2ImV satisfy the condition of Theorem 3.1. Thus we have:
Corollary 3.2. Assume that V (ρ) vanishes on δD, we have
∂F
∂t
(t) =
∫
Dt
LtV (f(t, x)dx) ,
∂F
∂t¯
(t) =
∫
Dt
Lt
V
(f(t, x)dx) ,
for every t ∈ B.
By Cartan’s formula, LVj = dδVj + δVjd, and Theorem 3.1, we have
(3.6)
∂F
∂tj
(t) =
∫
∂Dt
f(t, x)δVjdx+
∫
Dt
∂f
∂tj
(t, x)dx.
One may also use Theorem 3.1 to compute variation of
∫
∂Dt
. Fix a smooth form
g =
∑
gα(t, x)d̂xα
on a neighborhood of [D], where d̂xα satisfies dxα ∧ d̂xα = dx. The fibre integrals
G(t) :=
∫
∂Dt
g
depend smoothly on t ∈ B. Theorem 3.1 implies that
Corollary 3.3. Assume that Vj(ρ) vanishes on δD, we have
∂G
∂tj
(t) =
∫
∂Dt
δVjdg =
∫
∂Dt
LtVjg,
for every t ∈ B.
Proof. By Stokes formula and Theorem 3.1, we have
∂G
∂tj
(t) =
∫
∂Dt
LtVjd
tg,
where dt is the restriction of d to Dt. Since
i∗tLVjd
tg = i∗tLVjdg,
we have
∂G
∂tj
(t) =
∫
Dt
dδVjdg =
∫
∂Dt
δVjdg =
∫
∂Dt
LtVjg.
The proof is complete. 
4. Variation of Bergman kernels
In this section we shall prove our results on the Bergman kernel stated in section 2.
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4.1. Stability of Bergman kernels. We shall give an informal proof of Lemma 2.1 by
using regularity properties of full ∂-Neumann problem (see (4.2) below). By Lemma 2.1
in [1], stability of Bergman kernels follows directly from stability of solutions ut of a family
of ∂-Neumann problems t(·) = f t. However, in general, it is not easy to show that ut is
stable, i.e., if we want to use
(4.1) ||t(ut − us)|| = ||f t − f s − (t −s)us||
to estimate ||ut − us||, we have to find a natural connection between the domain of t
and the domain of s (i.e., us may not be in the domain of t), but then we go back to
regularity properties of b-equation (see [17]).
Hamilton [12] found a more natural way to study regularity properties of families of
non-coercive boundary value problems (not only for ∂-Neumann problem). For reader’s
convenience we give a sketch description of Hamilton’s idea.
Instead of considering t (whose domain satisfies the ∂-Neumann condition), Hamilton
considered the full Laplace opeartor ˜t (whose domain contains all forms smooth up to the
boundary). Let ut be a form smooth up to the boundary, in general, the Sobolev norm of
˜t(ut) could not control the Sobolev norm of ut. In fact, ut has to be in the domain of t
(see [9]). Thus two more operators (sending forms on Dt to forms on the boundary of Dt)
are used in Hamilton’s paper, i.e., he considered the full ∂-Neumann problem
(4.2) St(·) :=
(
˜t, (∂
t
ρ)∨, (∂
t
ρ) ∨ ∂
t
)
(·) = f t,
where (∂
t
ρ) ∨ · := (∂
t
ρ ∧ ·)∗·. Now the domain of St is C∞•,•(Dt) for each t. Using C
∞
trivialization mapping B×D0 → D, the domain of S
t can be seen as a fixed space C∞•,•(D0).
Thus (4.1) applies. The only thing left to do is to show that universal constant (i.e.,
independent of t) works in the basic estimates for St. It is one of main results in [12]. The
interested reader is referred to that paper for further information and a clear proof.
4.2. L2-estimates for ∂a = ∂φb+ c. Let X be an n−dimensional complex manifold with
complete Ka¨hler metric ω. Let φ be a smooth plurisubharmonic function on X. Denote by

′ (resp. ′′) the ∂φ-Laplace (resp. ∂-Laplace). Let a (resp. b) be a smooth L
2-integrable
(n, 0) (resp. (n− 1, 1)) form on X such that ∂a (resp. ∂φb) is L
2 on X (here L2 means L2-
integrable with respect to ω and e−φ). Assume that a⊥ ker ∂ and b is a ∂-closed primitive
form. Put c = ∂a − ∂φb. Since ∂
∗
φ = − ∗ ∂∗, we know that b is ∂
∗
φ-closed. Thus b has
orthogonal decomposition
b = b1 + ∂
∗
φb2,
where b1 is the 
′-harmonic part of b. We shall prove the following Lemma (due to Berndts-
son [4]) for reader’s convenience.
Lemma 4.1. If φ and c are zero on X then ||b||2 = ||a||2 + ||b1||
2.
Proof. Denote by G the Green operator with respect to ′′. Since a is L2-minimal, we have
a = ∂
∗
G∂b.
Thus
||a||2 = 〈〈G∂b, ∂b〉〉.
Since ω is Ka¨hler and φ ≡ 0, we have ′′ = ′. Thus G∂b = b2, which implies that
||a||2 = ||∂∗b2||
2 = ||b||2 − |b1||
2. The proof is complete. 
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We remark that by a similar argument, one may show that
(4.3) 〈〈b1, b2〉〉 = 〈〈a1, a2〉〉+ 〈〈b11, b
2
1〉〉.
If c is zero and φ is not assumed to be zero. Using Ka¨hler identity ′′ −′ = [i∂∂φ,Λ],
where Λ denotes the adjoint of ω∧·, one can also get an equality similar as (4.3). If c is not
zero, we failed to find an equality as (4.3). However, by using Ho¨rmander’s L2-estimates,
we get an inequality between a, b and c.
Lemma 4.2. If i∂∂φ > 0 on X then ||a||2 ≤ ||b||2 − ||b1||
2 + ||c||2
i∂∂φ
.
Proof. Put u = ∂φb+ c. By Ho¨rmander’s theory, it suffices to estimate
〈〈f, u〉〉 = 〈〈f, ∂φ(b− b1) + c〉〉,
where f is an arbitrary smooth (n, 1)-form with compact support. The right hand side of
the above inequality is 〈〈∂∗φf, (b− b1)〉〉 + 〈〈f, c〉〉. Thus
|〈〈f, u〉〉|2 ≤
(
||∂∗φf ||
2 + 〈〈[i∂∂φ,Λ]f, f〉〉
)
(||b− b1||
2 + ||c||2
i∂∂φ
).
Since ′′ = ′ + [i∂∂φ,Λ], the right hand side of the above inequality is equal to
(||∂
∗
f ||2 + ||∂f ||2)(||b− b1||
2 + ||c||2
i∂∂φ
).
Since ω is complete, we have
|〈〈f, u〉〉|2 ≤ (||∂
∗
f ||2 + ||∂f ||2)(||b − b1||
2 + ||c||2
i∂∂φ
)
for every f in the domain of ∂ ⊕ ∂
∗
. Since a is the L2-minimal solution of ∂(·) = u. The
proof is complete. 
4.3. Second order variational formulas. We shall prove Theorem 2.2 in this section.
In order to use L2-estimates in the previous section, we have to choose a suitable vector
field, i.e., to prove our Key Lemma.
Proof of Key Lemma. Put ψ = − log−ρ. By definition,
V ψj = ∂/∂t
j −
∑
vαj ∂/∂µ
α,
where
vαj =
∑
ψjβ¯ψ
β¯α.
If n = 1, it is easy to check that
(4.4) V ψj :=
∂
∂tj
−
ρjρµ¯ − ρρjµ¯
|ρµ|2 − ρρµµ¯
∂
∂µ
,
thus V ψj satisfies our Key Lemma. If n ≥ 2, fix x0 ∈ ∂D0. Choosing suitable local
coordinates around x0, we may assume that(
ραβ¯(x0)
)
= In, ρν(x0) = 0, ∀ ν ≥ 2,
where In is the identity matrix. Thus
v1j (x0) =
ρjρ1¯ − ρρj1¯
|ρ1|2 − ρ
(x0) =
ρj
ρ1
(x0), v
α
j (x0) = ρjα¯(x0), ∀ α ≥ 2,
which implies that V ψj is smooth up to the boundary (one may also prove this by force).
Now
V ψj (ρ)(x0) = ρj(x0)−
∑
vαj ρα(x0) = ρj(x0)− ρj(x0) = 0.
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The proof of Key Lemma is complete. 
Now we can use the vector fields V ψj in our Key Lemma to compute variation of Bergman
kernels. By (2.5) and Lemma 4.1, the last term in (2.4) is equal to the last term in (2.9).
Thus Theorem 2.2 follows from the following (integration by parts) lemma:
Lemma 4.3. If φ ≡ 0 then we have
(4.5) 〈〈[Lj , Lk¯] · η¯, ·ζ¯〉〉 =
∫
∂Dt
bjk¯(ρ)〈·η¯, ·ζ¯〉dσ.
For general φ with well defined geodesic curvature cjk¯(φ), we have
(4.6) 〈〈[Lj , Lk¯] · η¯, ·ζ¯〉〉 =
∫
∂Dt
bjk¯(ρ)〈·η¯, ·ζ¯〉dσ + 〈〈cjk¯(φ, V ) · η¯, ·ζ¯〉〉,
where
cjk¯(φ, V ) := cjk¯(φ) + 〈(∂
t
φ)
V ψ
j
, (∂
t
φ)
V ψ
k
〉
i∂t∂
t
φ
.
Proof. We shall only prove the following special case: j = k = m = 1, since the general
case follows by a similar argument.
Put V = V ψ1 . Notice that [L1, L1¯] = V V φ + [L
t
V , L
t
V
]. By Cartan’s formula, we have
(LV − L
t
V ) · η¯ = δdtV · η¯, where dt :=
∂
∂t ⊗ dt+
∂
∂t¯ ⊗ dt¯. Thus(
Lt
V
LtV · η¯
)
(n,0)
=
(
LV LV · η¯
)
(n,0)
,
where (·)(n,0) means the (n, 0)-component of i
∗
t (·). Since LV · η¯ = ·η¯t¯ = L
t
V
· η¯, we have(
[LtV , L
t
V
] · η¯
)
(n,0)
=
(
[LV , LV ] · η¯
)
(n,0)
.
Since [LV , LV ] = L[V,V ], we have(
[LtV ,L
t
V
] · η¯
)
(n,0)
= ∂tδ[V,V ] · η¯.
Put V = ∂∂t −
∑
vα ∂∂µα , we have
V V φ− 〈(∂
t
φ)V , (∂
t
φ)V 〉i∂t∂tφ = c(φ) −
∑(
vαt¯ φα − v
βvαβ¯φα
)
= c(φ) − δ[V,V ]∂
tφ,
where c(φ) is short for c11¯(φ). Thus
([L1, L1¯] · η¯)(n,0) = c(φ, V ) · η¯ + ∂
t
φδ[V,V ] · η¯,
where c(φ, V ) is short for c11¯(φ, V ). It suffices to show that
(4.7) 〈〈∂tφδ[V,V ] · η¯, ·ζ¯〉〉 =
∫
∂Dt
b(ρ)〈·η¯, ·ζ¯〉dσ,
where b(ρ) is short for b11¯(ρ). Notice that the left hand side of the above equality is equal
to
in
2
∫
∂Dt
{δ[V,V ] · η¯, ·ζ¯} =
∫
∂Dt
∑
(V vα) ρα¯
|∂ρ|
〈·η¯, ·ζ¯〉dσ.
Since
〈V, V 〉i∂∂ρ −
∑
(V vα) ρα¯ = V V ρ
and V V ρ = 0 on the boundary of Dt, we get (4.7). The proof is complete. 
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We remark that the only property of the vector field V ψj used in the proof of the above
lemma is V ψj ρ = 0 on the boundary. Thus the above lemma is true for every Vj ∈ Vj.
Notice that if every fiber is one-dimensional then every vector field in Vj can be used to
computed the variation. What’s more,
〈Vj , Vk〉i∂∂ρ
|∂ρ|
≡
ρjk¯|ρµ|
2 − ρjµ¯ρk¯ρµ − ρk¯µρjρµ¯ + ρjρk¯ρµµ¯
|ρµ|3
does not depend not Vj ∈ Vj, Vk ∈ Vk. Thus we have
Theorem 4.4. Let {Dt}t∈B be a smooth family of smoothly bounded planar domains. If
φ ≡ 0 on D then we have
Kjk¯(ζ, η¯) =
∫
∂Dt
bjk¯(ρ)〈·η¯, ·ζ¯〉dσ + 〈〈·η¯k¯, ·ζ¯j¯〉〉+ 〈〈j η¯, k ζ¯〉〉
where j η¯ is the harmonic part of δ∂tVj
· η¯.
We shall use the above theorem to study triviality of holomorphic motions.
4.4. Bergman kernel and curvature property. We shall prove Corollary 2.3, Theo-
rem 2.4 and Theorem 2.5 in this section.
Let π : D → B be a proper holomorphic submersion. Let’s recall the definition of Nakano
positivity for holomorphic vector bundle {Ht} associated to 0-th direct image π∗(KD/B) (we
assume that dimCHt is a constant r). ThusHt can be seen as the Bergman space of the fibre
at t. By definition, {Ht} is said to be Nakano semi-positive if for every u
1, · · · , um ∈ Ht,
(4.8)
∑
〈〈Θjk¯u
j , uk〉〉 ≥ 0,
where Θjk¯ is the curvature of the Chern connection on {Ht}. We may choose ·η¯p, p =
1, · · · , r, such that Ht = Span{·η¯p}. Thus every u
j can be written as uj =
∑
cjp · η¯p. Hence
(4.8) is equivalent to
(4.9)
∑
cjpckq〈〈Θjk¯ · η¯p, ·η¯q〉〉 ≥ 0.
Denote by Dj the contraction of ∂/∂t
j with (1, 0)-component of the Chern connection on
{Ht}. By definition of the Chern connection, Dj · η¯p is the Bergman projection of Lj · η¯p.
By (2.1), Lj · η¯p ⊥ Ht. Thus Dj · η¯p = 0. Since Θjk¯ = [Dj , ∂/∂t¯
k], we have
〈〈Θjk¯ · η¯p, ·η¯q〉〉 = Kjk¯pq¯.
Thus we get the following lemma:
Lemma 4.5. Nakano semi-positivity of {Ht} is equivalent to (2.10).
In case dimCHt =∞, {Ht} is said to be Nakano semi-positive if (2.10) is true for every
positive integer r. Thus Corollary 2.3 is a direct corollary of Lemma 4.3 and Theorem 2.2.
Proof of Theorem 2.4. Since D is pseudoconvex and φ is plurisubharmonic, by Lemma 4.3,
we have ∑
cjpckq〈〈[Lj , Lk¯] · η¯p, ·η¯q〉〉 ≥ ||c||
2
i∂t∂
t
φ
,
where
c :=
∑
cjp(∂
t
φ)
V ψj
∧ ·η¯p.
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The last term in (2.4) can be written as ||b||2 − ||a||2, where
b =
∑
cjpj η¯
n−1,1
p , a = −
∑
cjpj η¯
n,0
p .
Thus if suffices to show that ||b||2 − ||a||2 + ||c||2
i∂t∂
t
φ
≥ 0. By (2.5), ∂
t
a = ∂tφb + c. Thus
Theorem 2.4 follows from Lemma 4.2. 
Proof of Theorem 2.5. We may assume m = 1. Put
Pf (z) =
∫
Dt
Kt(z, w¯)f(t, w).
We claim that DtPf := e
φ∂/∂t(Pf e
−φ) is perpendicular to the Bergman space: It suffices
to show that 〈〈h,Dt(Pf )〉〉 = 0 for every function h holomorphic on a neighborhood of the
closure of Dt. Thus h can be seen as a holomorphic function on nearby fibres and
0 = ∂/∂t¯
∫
Dt
hf = ∂/∂t¯
∫
Dt
hPfe
−φ = 〈〈h,DtPf 〉〉.
Our claim is proved.
Since Kf (t) = ||Pf ||
2, we have
Kf,tt¯ = ||Pf,t¯||
2 + 〈〈φtt¯Pf , Pf 〉〉 − ||DtPf ||
2.
Notice that ∂
t
(DtPf ) = −Pf∂
t
(φt). By Lemma 4.2,
||DtPf ||
2 ≤ 〈〈|∂
t
φt|
2
i∂t∂
t
φ
Pf , Pf 〉〉.
Thus
Kf,tt¯ ≥ ||Pf,t¯||
2 + 〈〈c(φ)Pf , Pf 〉〉,
which implies that
(logKf )tt¯ ≥
〈〈c(φ)Pf , Pf 〉〉
||Pf ||2
≥ 0.
The proof is complete. 
Now we shall use Berndtsson’s approximation technique (see section 3 in [1]) to prove
the remark behind Theorem 2.5.
Proof of the the remark behind Theorem 2.5. Notice thatKf satisfies the foolowing extremal
property:
Kf (t) = sup
h∈Ht
{|
∫
Dt
hf |2/||h||2}.
Since the Bergman kernel associated to φ and D is a decreasing limit of the Bergman
kernel associated to smooth weight and smooth strictly pseudoconvex domain. We know
that logKf is plurisubharmonic on B for general φ and D. 
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5. Applications to holomorphic motions
We shall prove Theorem 2.6 in this section. Let D0 be a smoothly bounded planar
domain. Let F be a holomorphic motion of D0. If F is smooth up to the boundary, then
the vector field V Fj defined by V
F
j := F∗
(
∂
∂tj
)
is tangent to the boundary (i.e., V Fj ∈ Vj).
Thus Theorem 4.4 applies. Since the graph D of F is Levi-flat, we have∑
cjpckq
∫
∂Dt
bjk¯(ρ)〈·η¯p, ·η¯q〉dσ = 0,
which implies that
(5.1)
∑
cjpckqKjk¯pq¯ = ||
∑
cjpj η¯p||
2.
Proof of Theorem 2.6. (i)⇒ (ii): If F is trivial then there exists a bi-holomorphic mapping
G with the same fibres. Thus V Gj are holomorphic. Hence j η¯p ≡ 0. Then (5.1) implies (ii).
(ii) ⇒ (iii): If (ii) is true then j η¯ ≡ 0 by (5.1). Thus δ∂tV Fj
· η¯ ⊥ ker ∂t. Since dζ¯ ∈ ker ∂t,
we have
(5.2)
∫
Dt
fjζ¯K
t(ζ, η¯) idζ ∧ dζ¯ = 0.
Notice that
zζ =
fz
|fz|2 − |fz¯|2
, zζ¯ =
−fz¯
|fz|2 − |fz¯|2
,
we have
(5.3) fjζ¯ = fjzzζ¯ + fjz¯zζ =
(fz)
2Jj
|fz|2(1− |J |2)
.
Thus (iii) is true.
(iii) ⇒ (i): It suffices to find holomorphic vector fields Vj , j = 1, · · · ,m, on D such that
Vj = V
F
j on ∂D and [Vj , Vk] = 0 on D . By (5.2), there exits g
t,j such that
(5.4) ∂
t
fj = (∂
t)∗(gt,jidζ ∧ dζ¯) = −i∂
t
gt,j .
Take gj such that gj |Dt = g
t,j . We claim that
Vj = ∂/∂t
j + (fj + ig
j)∂/∂ζ, j = 1, · · · ,m,
fit our needs. Since gt,jidζ ∧ dζ¯ ∈ Dom(∂t)∗, we have gj = 0 on ∂D (i.e., Vj = V
F
j on ∂D).
Thus it suffices to prove that Vj are holomorphic and integrable.
By (5.4), fjk¯ + ig
j
k¯
are holomorphic on each fibre. To prove fjk¯ + ig
j
k¯
= 0 on each fibre,
it suffices to show that fjk¯ + ig
j
k¯
= 0 on the boundary of each fibre.
Since gj = 0 on ∂D, we have
(5.5) V Fk g
j = gjk + fkg
j
ζ = 0, on ∂D,
and
(5.6) V Fk g
j = gj
k¯
+ fkg
j
ζ¯
= 0, on ∂D.
By definition of V Fj , we have [V
F
j , V
F
k ] = 0 and [V
F
j , V
F
k ] = 0. Thus
(5.7) fjfkζ − fkfjζ = 0, fjk¯ + fkfjζ¯ = 0, on D.
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By (5.4), (5.6) and (5.7), we have
0 = fkfjζ¯ + ifkg
j
ζ¯
= −fjk¯ − ig
j
k¯
, on ∂D.
Thus fjk¯ + ig
j
k¯
≡ 0 on D. By (5.4), Vj are holomorphic on D.
Now we need to show that [Vj , Vk] = 0 on D. Since [Vj , Vk] are holomorphic, it suffices
to show that [Vj , Vk] = 0 on ∂D. Since g
j = 0 on ∂D, we have
[Vj, Vk] = fjfkζ − fkfjζ + i(fjg
k
ζ + g
k
j )− i(fkg
j
ζ + g
j
k), on ∂D.
By (5.5) and (5.7), [Vj , Vk] = 0 on ∂D. Thus Vj are integrable and our claim is proved.
The proof is complete. 
Proof of Corollary 2.7. By definition of F , (iii) is equivalent to aj(t) ≡ 0. Since a(0) = 0,
(iii) is equivalent to a ≡ 0. Thus Corollary 2.7 follows from Theorem 2.6. 
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